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Abstract
We take into account the existence of Gribov copies in a four dimensional Yang-Mills theories in
the Landau gauge with an induced Lorentz symmetry breaking term. We showed that due to Lorentz
symmetry breaking the gluon propagator can display different poles in different directions changing
then the possible regimes in each direction.
1 Introduction
At the end of the 70’s V. N. Gribov showed [1] that the standard Faddeev-Popov gauge fixing pro-
cedure was not enough to unambiguously fix the gauge freedom of Yang-Mills theories. He showed that
even after the Landau (and Coulomb) gauge condition is imposed there still remains some redundant
gauge field configurations, called Gribov copies. Subsequently, I. M. Singer came out to the conclusion
that “the Gribov ambiguities for the Coulomb gauge will occur in all other gauges”. That is, still in his
words, “no gauge fixing is possible”, [2]. The procedure proposed by Gribov in order to get rid of such
remaining gauge copies, which consists in restricting the domain of functional integration of gauge fields,
leads to a drastic modification of the gluon propagator, so that it exhibits complex conjugated poles and
induces a breaking of the BRST symmetry. Most recently, attempting to deal properly with the Gribov
issue in linear covariant gauges, the authors of [3] have proposed the existence of a “non-perturbative
BRST” operator, which explicitly takes into account the existence of Gribov copies and that remains
invariant even within the Gribov restriction. Subsequently, a localized version of such non-local operator
was developed [4]. The presence of these complex poles forbids us of attaching any physical interpreta-
tion to the gauge two point function. According to Gribov the remaining gauge copies do influence the
system only in the low-energy regime of the theory, which means that it is a non-local quantum effect,
and that we may interpret it as the confinement of gluon in the infrared (IR) regime. The confinement
interpretation within the Gribov framework has been intensively studied and discussed, at zero and finite
temperature and even on the lattice [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] 1.
∗diegorochagranado@gmail.com
†igorfjusto@gmail.com
‡petrov@fisica.ufpb.br
1For a complete review we refer the reader to [5, 6]
1
Most recently the Gribov framework has been studied in models where the generation of mass is
concerned, such as in [21, 22] and [23]. In [24] the authors considered the existence of different regimes
when considering Gribov ambiguities within the Chern-Simons topological model. Also, in [25, 26], the
issues related to the gauge dependence with taking into account the Gribov horizon were discussed.
All this clearly establishes the idea to generalize the study of confinement for other physically con-
sistent theories. In recent years, studies on the Lorentz-breaking field theories attracted great attention,
so that a Lorentz-breaking generalization of the standard model came out [27, 28]. Soon after, the ex-
plicit form of the Lorentz-breaking analogue of the non-Abelian Chern-Simons term was proposed in [29].
Furthermore, it has been shown to arise as a perturbative correction, [30]. The existence of the Lorentz-
breaking non-Abelian term naturally establishes the problem of the Lorentz-breaking generalization of
studies of the confinement, and, in particular, of the Gribov ambiguities, which is a natural extension of
the previous studies. This is the main subject of this paper.
The structure of the paper looks like follows. In the section 2 the problem of the Gribov restriction in
non-Abelian gauge theories is briefly reviewed. In the section 3 the propagator of the non-Abelian gauge
field is analyzed within the Gribov framework considered in a model displaying Lorentz-breaking. The
section 4 is devoted to discussions and conclusions. Details of calculations can be found in Appendices
A and B.
2 A brief review on the functional restriction to the Gribov horizon
In the seminal work [1] Gribov realised that the standard gauge fixing procedure of Faddeev-Popov
is not sufficient to remove every equivalent gauge field configuration. His work was aimed to the Landau
and Coulomb gauge.
In the present section we will briefly present Gribov’s original construction, starting from the Faddeev-
Popov gauge fixing procedure to the Landau gauge, ending up with the expression of the gauge field
propagator within Gribov’s scheme.
2.1 Gribov restriction in Yang-Mills theories
The Euclidean Yang-Mills path integral reads
Z =
∫
DAe−SSYM (1)
where
SYM =
1
4
∫
ddx F aµνF
a
µν , (2)
is the Yang-Mills action, with F aµν standing for the field strength tensor,
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν . (3)
As it is well known (1) is plagued with gauge redundancy. In order to remove such redundancy the
Faddeev-Popov (FP) gauge fixing procedure has to be applied.
Z =
∫
DADcDc¯ e−SFP (4)
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where
SFP = SYM + Sgf (5)
and
Sgf =
∫
ddx
(
ba∂µA
a
µ + c¯
a∂µD
ab
µ c
b
)
. (6)
The fields (c¯a, ca) are the Faddeev-Popov ghosts; ba accounts for the Lagrange multiplier implementing
the Landau gauge condition,
∂µAµ = 0 ; (7)
and Dabµ = (δ
ab∂µ + gf
acbAcµ) is the covariant derivative in the adjoint representation of SU(N).
Gribov’s great contribution was having shown that even after the gauge condition is imposed, the
partition function (4) is still plagued by some physically equivalent gauge field configurations. In order
to get rid of these remaining ambiguities Gribov proposed to restrict the path integral of the gauge field
to the region where the FP operator Mab is positive definite. This region is the so called “first Gribov
region” and is defined as
Ω = {Aaµ ; ∂µAaµ = 0 ; Mab = −(∂2δab − gfabcAcµ∂µ) > 0 } . (8)
Since the FP operator is the inverse of the ghost field propagator, one may realise that the Gribov
restriction condition amounts to restrictions on the ghost field propagator. Namely, the ghost-anti-ghost
two point function in the presence of external gauge fields reads
G(k,A) = 1
N2 − 1δ
ab(M−1)ab(k,A)
=
1
k2
(1 + σ(k,A)) ≈ 1
k2
1
(1− σ(k,A)) . (9)
where σ(k,A) stands for the ghost form factor. From equation (9) we can see that the restriction to the
first Gribov region Ω means that the path integral shall be taken only over gauge field configurations
that lead to a positive ghost-anti-ghost two point function (9). Namely,
σ(k,A) < 1 . (10)
With such condition the ghost field propagator is allowed to have only the k2 = 0 pole, in what is called
the no-pole condition.
Therefore, the restriction to the Ω region is implemented through the introduction of the Heaviside
step function, which imposes the no-pole condition to the path integral. Namely,
ZG =
∫
Ω
DADcDc¯ e−SFP
=
∫
DADcDc¯V(Ω) e−SFP . (11)
where
V(Ω) = θ(1− σ(k,A)) . (12)
The ghost-anti-ghost two point function computed in the presence of external gauge field reads, up
to the first order in the quantum fields,
G(k,A) = 1
k2
(
1 +
kµkν
k2
Ng2
V d(N2 − 1)
∫
ddp
(2π)4
Aaµ(k)A
a
ν(−k)
(k − p)2
)
. (13)
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One should notice that the ghost form factor decreases with kµ, so that the no-pole condition may be
taken in the limit k → 02. Taking the limit k → 0, the ghost form factor reads
σ(0, A) =
1
V
1
d
Ng2
N2 − 1
∫
ddp
(2π)4
Aaµ(p)A
a
µ(−p)
p2
. (14)
Finally, assuming the integral representation of the Heaviside step function,
V(Ω) =
∫ ∞+iǫ
−∞+iǫ
dβ
2πiβ
eβ(1−σ(0,A)) , (15)
and the final expression of the ghost form factor (14), one ends up with the following restricted partition
function,
ZG =
∫ ∫ ∞+iǫ
−∞+iǫ
dβ
2πiβ
DADcDc¯ eβ(1−σ(0,A))e−SFP . (16)
2.2 The gluon propagator
As a consequence of the Gribov restriction, a non-local mass term of the gauge field is introduced in
the action. Considering now this non-local action we must arrive at the new gluon propagator. Taking
only the quadratic part in the gauge field and integrating it out, one should ends up with
〈Aaµ(k)Abν(p)〉 = δ(p + k)N
∫
dβ
2iπβ
ef(β)(Kabµν)
−1;
f(β) = β − ln β − d− 1
d
(N2 − 1)V
∫
ddp
(2π)d
ln
(
p2 +
βNg2
N2 − 1
2
dV
1
p2
)
, (17)
where
Kabµν = δ
ab
((
β
1
V
1
d
Ng2
N2 − 1
1
k2
+ k2
)
δµν +
(
1
α
− 1
)
kµkν
)
. (18)
Within the thermodynamic limit, the saddle point approximation becomes exact and the integration over
β can easily be done. At the end we have
Zquad ≈ ef(β0), (19)
where β0 minimizes the function f(β). From the minimum condition f
′(β0) = 0 we get
3
1 =
d− 1
d
Ng2
∫
ddp
(2π)d)
1
p4 + γ4
. (20)
This is the so called gap-equation, where we have defined γ4 = β0N
N2−1
2
dV g
2 as the Gribov mass parameter.
This equation determines the value of γ4, i.e. the Gribov parameter is not a free parameter, instead it
is dynamically fixed by its gap equation (20). After computing the inverse of (18), the gluon propagator
reads
〈Aaµ(k)Abν(−k)〉 = δab
k2
k4 + γ4
Pµν(k) , (21)
which can be rewritten as
〈Aaµ(k)Abν(−k)〉 = δab
1
2iγ2
(
1
k2 + iγ2
− 1
k2 − iγ2
)
Pµν(k) . (22)
2For a detailed computation of (13) and analysis of its property see [6].
3In the thermodynamic limit the term ln β can be disregarded, since β is proportional to the volume V .
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From (22) it is clear that after Gribov’s restriction the gluon propagator displays complex conjugate poles,
forbidding us of attaching any physical meaning to such propagator in the sense that its Ka¨lle´n-Lehmann
representation is not always positive. This lack of physical interpretation lead us to a confinement
interpretation of the gauge field at low-energy regimes.
3 The Lorentz symmetry breaking: a 4D Chern-Simons-like model
The Lorentz symmetry breaking began to be intensively studied in 90s, after the seminal paper
by Carroll, Field and Jackiw (CFJ) [32] where the first consistent Lorentz-breaking extension of the
known field theory models, involving the constant axial vector bµ introducing the privileged direction
in the space-time, was introduced. The additive CFJ term (sometimes also called the four-dimensional
Chern-Simons-like term) represents itself as a natural four-dimensional generalization of the well-known
three-dimensional Chern-Simons term, displaying its main feature, that is, the gauge invariance of its
contribution to the classical action, whereas the CFJ Lagrangian under the gauge transformations varies
by a total derivative. Afterwards, many issues related with the CFJ extended QED have been studied,
such as dispersion relations (they were discussed for the first time already in [32]), possibility to generate
this term as a quantum correction in a special extension of QED where the spinors are coupled to
the constant axial vector bµ [33], and the ambiguity of this term caused by the fact that the CFJ
term is generated by formally logarithmically divergent, but actually finite contribution displaying the
undetermined form∞−∞ (see the discussion in [34]). Further, the CFJ term has been calculated within
different regularization schemes, and various (always finite) results have been obtained (for details of
calculation of this term within different approaches see f.e. [35] and references therein).
At the same time, it is well known that the three-dimensional Chern-Simons term admits a non-
Abelian generalization. Therefore, it is natural to suggest that the non-Abelian generalization of the
CFJ term also must exist. Originally, the non-Abelian CFJ term has been introduced in [29], and in
[30], it has been shown to arise as a quantum correction, with the result for its turns out to be the
straightforward non-Abelian generalization of the results of [35], being finite and ambiguous. Moreover,
in [30] the generation of the non-Abelian CFJ term for the finite temperature case has been performed. In
[31] the authors studied the renormalizability of the Yang-Mills theory in the presence of the non-Abelian
CFJ term.
The presence of the non-Abelian CFJ term (and a consequent nonlinearity of the equations of motion)
clearly establishes the question about its possible impact within the context of the confinement which is
known to occur namely in non-Abelian gauge theories, and, in other words, about the possible impact of
the Lorentz symmetry breaking within the context of confinement. This is the problem we study in this
paper.
To start, let us remind that the 4D Minkowskian Yang-Mills action with an additive non-Abelian
Chern-Simons-like (on, as is the same, non-Abelian CFJ) term reads 4
SMink =
∫
d4x
(
−1
4
(
F aµν
)2
+
ξ
2
aρǫ
ρµνλ
(
Aaν∂λA
a
µ −
2
3
gAaµA
b
νA
c
λf
abc
))
, (23)
where ξ plays the role of a topological mass and aρ is the Lorentz-breaking constant vector that here
we are assuming to be a dimensionless space-like (a2 < 0) one. As aρ is dimensionless, ξ has a mass
dimension equal to 1. The correspondent Euclidean action reads
S =
∫
d4x
(
1
4
(
F aµν
)2 − iξ
2
aρǫρµνλ
(
Aaν∂λA
a
µ −
2
3
gAaµA
b
νA
c
λf
abc
))
. (24)
4As we mentioned before, the former term can be obtained by evaluating the fermion determinant [30].
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Notice that the Lorentz-breaking does not influence the quantization procedure of the gauge field, so that
the path integral still is plagued by the gauge redundancy (i.e. Gribov copies) and the Gribov procedure
must be applied in the Landau gauge. By following the procedure described in section 2 we have
S =
∫
d4k
(2π)4
(
−1
2
A˜aµ(k)Q
ab
µν A˜
b
ν(−k)
)
(25)
where
Qabµν = δ
ab
(
k4 + γ4
k2
δµν +
(
1
α
− 1
)
kµkν − ξaρǫρνµλkλ
)
(26)
and γ4 = βNg
2
2V (N2−1) . In order to obtain the propagator we have to compute the inverse of (26), which can
be obtained through the following expression,
Qabµν(Q
bc
νδ)
−1 = δacδµδ . (27)
The inverse must have the following most general form,
(Qbcνδ)
−1 = δbc
(
F (k)δνδ +B(k)
kνkδ
k2
+D(k)aνaδ
ξ2
k2
+ E(k)aν
ξkδ
k2
+G(k)aδ
ξkν
k2
+ C(k)aβǫβδνα
ξkα
k2
)
,
(28)
where the coefficients are dimensionless. From (27) we have the following set of equations,
k4 + γ4
k2
F (k) +
ξ2
k2
C(k)(a2k2 − (a · k)(a · k)) = 1;
1− α
α
(
k2F (k) + k2B(k) + ξ(a · k)E(k)) + k4 + γ4
k2
B(k)− ξ2a2C(k) = 0;
k4 + γ4
k2
D(k)− k2C(k) = 0;
1− α
α
(
ξ(a · k)D(k) + k2G(k)) + k4 + γ4
k2
G(k) + ξ(a · k)C(k) = 0;
k4 + γ4
k2
E(k) + ξ(a · k)C(k) = 0;
k4 + γ4
k2
C(k)− k2F (k) = 0 , (29)
from where we can read off the coefficients as being
F (k) =
(
k4 + γ4
k2
)[
k4
(k4 + γ4)2 + k4ξ2(a2k2 − (a · k)2)
]
;
C(k) =
k4
k4 + γ4
F (k);
D(k) =
k8
(k4 + γ4)2
F (k);
E(k) = − k
6ξ(a · k)
(k4 + γ4)2
F (k);
B(k) =
k4
(k4 + γ4)2
ξ2(a · k)2k4 − (k4 + γ4)2
k2
(
(1− α)k2 + α k2
k4+γ4
)F (k) + α(. . . );
G(k) = − k
4
(k4 + γ4)2
ξk4(a · k)
(1− α)k2 + α k2
k4+γ4
F (k) + α(. . . ). (30)
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The Landau gauge is recovered in the limit α→ 0, and the propagator reads
〈Aaµ(k)Abν(−k)〉 = δabF (k)
[(
δµν − kµkν
k2
)
+
k6
(k4 + γ4)2
[
(ξa · k)kµ
k2
− ξaµ
] [
(ξa · k)kν
k2
− ξaν
]
+
k4
(k4 + γ4)
aβǫβνµα
ξkα
k2
]
. (31)
In the light of the definitions in the appendix B the overall factor F (k) can be written as
F (k) =
(k4 + γ4)k2
(k4 + γ4)2 + k6M2
, (32)
with M2 = ξ2a2 sin2 φ and (a · k) = |a||k| cos φ. It is very important to remark that from now on we
will refer to M2 as the mass parameter since it appears in the expression of the propagator’s pole of the
gauge field. As can be seen ξ2 (the true mass parameter) gives square mass dimension to M2 but the
presence of a2 sin2 φ in its definition plays a very important role as it will be explored in the next section.
We must now point out some interesting similarities with [24]. As we mentioned before, in the present
model the non-Abelian CFJ term is quite similar to the Chern-Simons term in 3D. Such similarity leads
us to an overall factor F (k) on the gauge propagator equal to what is found in [24]. Another similarity
with [24] is the possibility to split up the propagator in two parts concerning the breaking of the parity
symmetry, namely
〈Aaµ(k)Abν(−k)〉 = Gabµν
∣∣
par
+ Gabµν
∣∣
par−viol
, (33)
with
Gabµν
∣∣
par
= δab
[
F (k)
(
δµν − kµkν
k2
)
+
+ F (k)
k6
(k4 + γ4)2
(
(ξa · k)kµ
k2
− ξaµ
)(
(ξa · k)kν
k2
− ξaν
)]
(34)
and
Gabµν
∣∣
par−viol
= δab
k6
(k4 + γ4)2 + k6M2
aβǫβνµα
ξkα
k2
. (35)
Also in [24], the 4D Chern-Simons-like term will not contribute to the gap-equation. The explicit com-
putation can be found in the Appendix A. These are the similarities with the previous studies. Let us
now discuss what is new in this theory.
3.1 The gauge propagator scrutinized
In the present model the gauge field propagator may be plagued by physical and unphysical con-
tributions regarding the possible values that the topological mass may assume. By that we mean that
gauge propagator has real and imaginary poles, as well as positive and negative residues. The gauge
propagator is understood to be a mix of such physical and unphysical contributions, depending on the
range of parameters, which may have some intricate meaning.
In order to study the existence of such physical and unphysical contributions one must be concerned
with the poles of the gauge field propagator, eq. (31), which boils down to the study of the poles of F (k).
At this point we shall pay attention to the existence of the term[
(k4 + γ4)k2
(k4 + γ4)2 + k6M2
]
k6
(k4 + γ4)2
[
(ξa · k)kµ
k2
− ξaµ
] [
(ξa · k)kν
k2
− ξaν
]
(36)
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in the propagator, which is absent in the paper on Gribov effects in three-dimensional Yang-Mills-Chern-
Simons theory, [24]. The existence of this term and of the last one in (31) reflect the breaking of the
Lorentz symmetry in the sense that if the constant vector aµ were null there would not be any difference
to the Yang-Mills + Gribov model, eq. (22), mentioned in section 2. Besides, notice that the gauge
field propagates differently depending on the preferential direction. Such difference comes out of the
number of poles the propagator may has. The system can be split up in two characteristic directions:
the “transversal” and the “longitudinal” ones, with respect to the propagated momentum kµ.
In this work isotropy is broken by the presence of the constant vector aµ defining a preferred direction.
In general such vector field may be written as the sum of two components, the “transversal to kµ” and
the “longitudinal to kµ”, namely
aµ = a
T
µ + a
L
µ , (37)
so that
aL · k = |aL||k| and aT · k = 0 . (38)
Therefore, the gauge propagator (31) can be written as
〈Aaµ(k)Abν(−k)〉 = 〈Aaµ(k)Abν(−k)〉T + 〈Aaµ(k)Abν(−k)〉L , (39)
with
〈Aaµ(k)Abν(−k)〉T = δab
(k4 + γ4)k2
(k4 + γ4)2 + k6M2
[(
δµν − kµkν
k2
)
+
k4
(k4 + γ4)
aTβ ǫβνµα
ξkα
k2
]
−
− k
8
[(k4 + γ4)2 + k6M2] (k4 + γ4)
ξ2aTµa
T
ν , (40)
and
〈Aaµ(k)Abν(−k)〉L =
k6
[(k4 + γ4)2 + k6M2]
ǫβνµα
ξaLβkα
k2
+
+
k8
[(k4 + γ4)2 + k6M2] (k4 + γ4)
[
ξ|aL||k|
k2
kµ − ξaLµ
] [
ξ|aL||k|
k2
kν − ξaLν
]
. (41)
In both expressions, (40) and (41), M2 = ξ2(aT )2.
For instance, let us consider an interesting special case, where the constant vector field is chosen to
be in a specified direction. Precisely, let us choose aµ so that its transversal component is null. In this
case the propagator, (39), becomes
〈Aaµ(k)Abν(−k)〉T = δab
k2
k4 + γ4
(
δµν − kµkν
k2
)
, (42)
and
〈Aaµ(k)Abν(−k)〉L =
k6
[(k4 + γ4)2]
ǫβνµα
ξaLβkα
k2
+
+
k8
[(k4 + γ4)2] (k4 + γ4)
[
ξ|aL||k|
k2
kµ − ξaLµ
] [
ξ|aL||k|
k2
kν − ξaLν
]
. (43)
Notice that, since we are in the Euclidean space, no direction is special, so that we may choose the
vector aµ pointing to anyone of them. For now, we have chosen the constant vector pointing in the same
direction as the carried momentum, kµ, does.
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It is quite clear, from equation (42), that the gauge field propagator is of the Gribov type in all
transversal direction with respect to the carried momentum kµ. On the other side, the two-point function
of the gauge field Aµ has a completely different behavior in the longitudinal direction. From equation (43)
we can see that the gauge field propagator is quite complicate, involving a sum of two terms displaying
different amount of poles. In the first term, proportional to ξaµ, there are four poles, corresponding to
the Gribov poles, with degree of degeneracy 2; in the second term, proportional to (ξaµ)
2, we may see the
existence of six poles, instead of four, also corresponding to the Gribov poles, with degree of degeneracy
3. Therefore, it is tricky to provide a precise physical interpretation due to such mix of degrees of freedom
in the same propagator. However, it is clear that the breaking of the Lorentz symmetry lead us to a
strongly different gauge field propagator in the broken (preferred) direction, defined by aµ, and in the
remaining directions.
Let us now discuss what happens if we choose the constant vector field aµ pointing in the transversal
direction with respect to kµ. In this case, a
L = 0 and the propagator becomes
〈Aaµ(k)Abν(−k)〉T = δab
(k4 + γ4)k2
(k4 + γ4)2 + k6M2
[(
δµν − kµkν
k2
)
+
k4
(k4 + γ4)
aTβ ǫβνµα
ξkα
k2
]
−
− k
8
[(k4 + γ4)2 + k6M2] (k4 + γ4)
ξ2aTµa
T
ν , (44)
for the transversal one, and
〈Aaµ(k)Abν(−k)〉L = 0 . (45)
What is interesting in this case is that the gauge field does not propagate in the “Longitudinal”
direction. That is, in the case where aµ is chosen to be completely transversal to kµ the gauge field
propagator propagates only in the preferred direction. In the “Longitudinal” direction the behavior of
the gauge field propagator depends on the values ξ and M ; such as found in [24], there may exist regimes
where the propagator exhibit complex conjugate poles and/or real poles (the residues should also be
analyzed).
The first case, where aµ has only “Longitudinal” components, and the second case, where aµ has only
“Transversal” component, are physically different: in the first one the gauge field can be interpreted as
confined in the transversal direction, while in the second one the gauge field does not propagate at all.
Another interesting difference concerns the mass parameter M in both cases: in the first situation such
parameter is null (although ξ and aµ are not zero); while in the second situation the mass parameter M
is not zero anymore. Therefore, we may say that the mass parameter M can be hidden, depending on
the chosen preferred direction.
4 Conclusion
Let us discuss our results. Within our studies, we, for the first time, studied the confinement in
the Lorentz-breaking theory. We demonstrated that the gauge propagator displays a strong anisotropy
caused by Lorentz symmetry breaking, and, at the same time, it turns out to be of the Gribov type in
certain directions, that is, in directions transversal to the transferred momentum.
In [24] the poles are functions of the mass parameters, and as such the (de)confined regimes are
analyzed in the parameter space (γ,M). The authors pointed out, for instance, that a deconfined regime
is present when the poles are real, meaning a massive gauge particle is present in the spectrum. In our
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work the presence of such particle in the spectrum depends on which direction relative to the transferred
momentum we are looking to. In both (42) and (43) we can see that there are no real poles, i.e. only
”particles” with complex poles are present in the spectrum, characterizing the confined regime. This is
because aµ is fixed in longitudinal direction and, asM
2 ∼ aT , the mass parameterM vanishes. Otherwise
if we would have taken the longitudinal component of aµ to be null, the poles of (40) would be preserved
with possibilities of being real and/or complex conjugate, depending on the values of γ and ξ as in [24]. A
similar result can be found in [36]. The authors showed that in the Abelian case the dispersion relations
point out that depending if the Lorentz breaking vector and the momentum vector are perpendicular or
parallel to each other we have massless or massive degrees of freedom present.
A last interesting point is that in the 3D Gribov + Chern-Simons theory, in [24], the limit M → 0
necessarily means that the ξaµ topological mass is null. Such feature does not happen in our case. We
could find out that if aT = 0 thenM = 0, while aL survives and ξaµ is not zero indeed. In other words, we
have obtained a ”massless” propagator in a specific direction without eliminating the massive parameter
ξ in the 4DCS term in the action.
Concerning future work, some issues are worth to be investigated. As it was pointed out before in [31],
the authors studied the quantum stability of (23) by means of the algebraic renormalization framework
disregarding the Gribov parameter. It would be interesting to investigate the quantum stability of (23)
by taking into account the Gribov parameter, similarly to studies from in [38, 39], considering other terms
in (23) which, for instance, also break the Lorentz symmetry, and a Higgs field [37]. The restriction of
the Gribov region to all orders or equivalently to consider a local Gribov-Zwanziger action [8, 5] in the
presence of the 4D Chern-Simons-like term. At last, one should carry out a study with the so-called
Refined-Gribov-Zwanziger action [11] with the 4D CS-like term.
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A The gap equation
As pointed out in the section 2.2 the Gribov parameter is determined by the gap equation (20) in the
pure YM case. Due to the presence of the CFJ term in our case, we have to compute the gap equation
and analyze the CFJ contribution to it. By starting with (24) and following the steps sed in section 2.2
we have:
〈Aaµ(k)Abν(p)〉 = δ(p + k)N
∫
dβ
2iπβ
eβ(detQabµν)
−1/2(Qabµν)
−1. (46)
First we must compute the determinant of (26).
(detQabµν)
−1/2 = e−
1
2
det lnQabµν = e−
1
2
Tr lnQabµν . (47)
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The expression in the exponent can be arranged in the following from:
Tr lnQabµν = (N
2 − 1)Tr ln
[
(Lδµκ)
(
δκν +
1
α − 1
L
kκkν − ξ
L
aρǫρνκλkλ
)]
= (N2 − 1)
[
d
∑
k
lnL
+ Tr ln
(
δµν +
1
α − 1
L
kµkν − ξ
L
aρǫρνµλkλ
)]
, (48)
where we have used L(k) = k2 + γ
4
k2
. Using ln(1 + x) = x− x22 + . . . in the second term we have:
Tr lnQabµν = (N
2 − 1)
[
d
∑
k
lnL (49)
+ Tr

 1α − 1
L
kµkν − ξ
L
aρǫρνµλkλ +
(
1
α − 1
L
)2
kµkκkκkν +
ξ2
L2
aρaαǫρκµλǫακµδkλkδ



 .
The trace of the Levi-Civita symbol is zero. The last term can be writen in terms of Kronecker delta to
obtain:
aβaρǫρνµλǫβδναkλkα = a
2k2δδµ + (a · k)aµkδ + (a · k)aδkµ − a2kδkµ − k2aµaδ − (a · k)2δµδ .
Taking the trace we have:
Tr(aβaρǫρνµλǫβδναkλkα) = (a · k)2 − k2a2.
Thus (50) reads:
Tr lnQabµν = (N
2 − 1)
[
d
∑
k
lnL
+
((
1
α
− 1
)
k2
L
+
(
1
α
− 1
)2 kµkκkκkν
L2
+
ξ2((a · k)2 − k2a2)
L2
)]
. (50)
Using x− x22 + · · · = ln(1 + x) and the fact that the second and the third term comes from x2 we have:
Tr lnQabµν = (N
2 − 1)
[
d
∑
k
lnL+
∑
k
ln
(
1 +
(
1
α
− 1
)
k2
L
)]
= (N2 − 1)
[
d
∑
k
lnL−
∑
k
ln
(
k4 + λ
k2
)
+
∑
k
ln
(
λ
k2
+
k2
α
)]
,
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where we have used λ = γ4. The last term can written as:
∑
k
ln
(
λ
k2
+
k2
α
)
=
=
∑
k
(
λ+
k4
α
)
−
∑
k
ln k2
= V
∫
ddk
(2π)d
ln
(
k2√
α
+ i
√
λ
)
+ V
∫
ddk
(2π)d
ln
(
k2√
α
− i
√
λ
)
∼ αd/4, (51)
where
∫
ddk ln k2 is zero in dimensional regularization. In the Landau gauge limit α→ 0 we have
Tr lnQabµν = (N
2 − 1)
[
d
∑
k
lnL−
∑
k
ln
(
k4 + γ4
k2
)]
= (N2 − 1)V (d− 1)
∫
ddk
(2π)d
ln
(
k2 +
γ4
k2
)
. (52)
Thus we have:
(detQabµν)
−1/2 = exp
[
−(d− 1)
2
(N2 − 1)V
∫
ddk
(2π)d
ln
(
k2 +
γ4
k2
)]
. (53)
The new version of (17) reads:
f(β) = β − ln β − d− 1
2
(N2 − 1)V
∫
ddk
(2π)d
ln
(
k2 +
βNg2
N2 − 1
2
dV
1
k2
)
. (54)
The saddle point approximation in β requires f ′(β0) = 0, where β0 is the minimum of the f(β). Thus
we have:
0 = 1− 1
β0
− d− 1
d
Ng2
∫
ddk
(2π)d
1(
k4 + β0Ng
2
N2−1
2
dV
) . (55)
Let us pay some attention to the last term in the denominator of the integral. The spacetime volume is
infinity: V ∼ ∞. If we set β0 ∼ V we keep the term finite and non-null. Therefore 1/β0 can be neglected
and we obtain:
1 =
d− 1
d
Ng2
∫
ddk
(2π)d
1(
k4 + β0Ng
2
N2−1
2
dV
) . (56)
This is the same expression as in (20). The reason for that is that due to the topological nature of CFJ
term it does not contribute to the vacuum energy.
B The 4D non-Abelian Chern-Simons propagator
In this section we compute the propagator of the YM+non-Abelian CS-like term without taking into
account the Gribov restriction. The gauge field quadratic part of the action (24) with the Landau gauge
fixing term reads:
S =
∫
d4x
(
1
4
(
∂µA
a
ν − ∂νAaµ
)2 − iξ
2
aρǫρµνλ
(
Aaν∂λA
a
µ
)
+
1
2α
(∂µA
a
µ)
2
)
. (57)
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From that we have:
S =
∫
d4k
(2π)4
(
−1
2
A˜aµ(k)Q
ab
µν A˜
b
ν(−k)
)
, (58)
where
Qabµν = δ
ab
(
k2δµν +
(
1
α
− 1
)
kµkν − ξaρǫρνµλkλ
)
. (59)
In order to find the inverse for Qabµν the ansatz (28) remains. From the condition (27) we have the following
set of equations:
k2F (k) + C(k)ξ(a2k2 − (a · k)(a · k)) = 1;
1− α
α
(
F (k) +B(k)k2 +E(k)(a · k))+ k2B(k)− C(k)ξa2 = 0;
k2D(k)− C(k)ξk2 = 0;
1− α
α
(
(a · k)D(k) +G(k)k2)+ k2G(k) + C(k)ξ(a · k) = 0;
k2E(k) +C(k)ξ(a · k) = 0;
k2C(k)− ξF (k) = 0. (60)
From that we have:
F (k) =
k2
(k4) + ξ2(a2k2 − (a · k)(a · k)) ;
C(k) =
ξ
(k4) + ξ2(a2k2 − (a · k)(a · k)) ;
D(k) =
ξ2
(k4) + ξ2(a2k2 − (a · k)(a · k))) ;
E(k) = − ξ
2(a · k)
k2((k4) + ξ2(a2k2 − (a · k)(a · k))) ;
B(k) =
(ξ2(a · k)2 − k4)
(k4)((k4) + ξ2(a2k2 − (a · k)(a · k))) + α(. . . );
G(k) = − (a · k)ξ
2
k2((k4) + ξ2(a2k2 − (a · k)(a · k))) − α(. . . ). (61)
In the Landau gauge (α→ 0), one finds that B(k) and G(k) become:
B(k) =
(ξ2(a · k)2 − k4)
(k4)((k4) + ξ2(a2k2 − (a · k)(a · k))) ; (62)
G(k) = − (a · k)ξ
2
k2((k4) + ξ2(a2k2 − (a · k)(a · k)))
Thus the propagator reads:
〈Aaµ(k)Abν(−k)〉CS =
δab
(k4) + ξ2(a2k2 − (a · k)(a · k))
(
k2δµν
+
(ξ2(a · k)2 − (k4))
(k4)
kµkν + ξ
2aµaν
− ξ
2(a · k)
(k2)
aµkν − (a · k)ξ
2
(k2)
aνkµ + ξaβǫβνµαkα
)
. (63)
From (63) we can get:
P (k2) = k4 + ξ2(a2k2 − (a · k)(a · k)) = k4 + ξ2G(k) (64)
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where
G(k) = a2k2 − (a · k)(a · k) = a2k2 − (|a||k| cos φ)2; (65)
= a2k2(1− cos2 φ) = a2k2(sin2 φ),
where φ is the angle between a and k. Thus (64) reads:
P (k2) = k4 + ξ2(a2k2 − (a · k)(a · k))
= k4 + ξ2a2k2 sin2 φ. (66)
Replacing this result in the propagator (63) we have:
〈Aaµ(k)Abν(−k)〉CS =
δab
(k2) +M2
(
δµν +
(ξ2(a · k)2 − (k4))
(k4)
kµkν
k2
+ ξ2
aµaν
k2
− ξ
2(a · k)
(k2)
aµkν
k2
− (a · k)ξ
2
(k2)
aνkµ
k2
+ ξaβǫβνµα
kα
k2
)
, (67)
where M2 = ξ2a2(sin2 φ), (a · k) = |a||k| cos φ and φ is the angle between a and k. As expected this is a
propagator of a gauge particle with mass M .
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